We prove for Hermitian matrices (or more generally for completely continuous self-adjoint linear operators in Hilbert space) A and B that Tr (e A + B ) ~ Tr (eAe B ). The inequality is shown to be sharper than the convexity property (0 ~ a ~ 1) Tr (eaA+(I-a)B) ~ [Tr (e A )]a[Tr (eB)]l-a, and its possible use for obtaining upper bounds for the partition function is discussed briefly.
1
Theorem I. For two n X n Hermitian matrices A andB (1) Theorem II. For two n X n positive-definite matrices A and B, and 0 ~ a ~ 1, Tr (A aB I - 
a ) ~ [Tr (A)]a[Tr (B)y-a. (2)
Proofs of these theorems (which carryover to completely continuous self adjoint linear operators in Hilbert space) are given in the following two sections.
A consequence of Theorems I and II is 2 :
Corollary: For two n X n Hermitian matrices A and B, and 0 ~ a ~ 1,
The convexity property (3) has been used 3 to obtain an upper bound for the partition function (in the usual notation) Z = Tr (e-~H) of an antiferromagnetic chain. Equation (1) can also be used to obtain upper bounds for the partition function if we separate the Hamiltonian in a way that enables us to compute the upper bound. In view of (2), the inequality (1) is sharper than (3), so that in general, (1) will probably give us better bounds than (3). Work along these lines is at present in progress.
PROOF OF THEOREM I
The proof rests on the following two Lemmas. Lemma 1. For an n X n matrix X, 
where m is a positive integer and t denotes Hermitian conjugate.
Lemma 2.' For two n X n Hermitian matrices A and B,
where k is a positive integer.
Lemma 1 is a special case of a theorem due to Wey1.4
To prove Lemma 2, we first note that with X = AB, xt = BA in Lemma 1, we have (6) where the last equality follows from the cyclic property of the trace. We now proceed by induction.
The case k = 1 of (5) is just the case m = 1 of (6). And if we assume (5) to be true for k = l, we have from (6)
The result follows if we then use our inductive assumption with A2 and B2 in place of A and B.
The theorem is proved from Lemma 2 by taking I + 2-k A and I + 2-k B in place of A and B, respectively, and proceeding to the limit k ~ ex>. We remark that the obvious generalization of (5), namely, (7) is not true, so that Theorem I has no obvious gen- for which Tr (A2B 2 C 2 ) = Tr (B2A 2 C 2 ) = ° and Tr (ABC)2 = 9. 
PROOF OF THEOREM II
which holds for an arbitrary orthonormal set of vectors {<Pi}' Choosing the <Pi to be eigenvectors of A and summing by parts gives us
6 K. Fan, Proc. Natl. Acad. Sci. U. S. 35, 652 (1949) .
where the last inequality is just Holder's inequality for positive real numbers.
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I. INTRODUCTION
O VER the past half-century, many attacks have been made on selected portions of the problem of oblique incidence of electromagnetic waves from free space on a sharply bounded ionosphere. The isotropic case has been discussed in detail by Stratton l and by Budden,2 and their results are in
